Abstract. In this paper we introduce a general version of the Loewner di¤erential equation which allows us to present a new and unified treatment of both the radial equation introduced in 1923 by K. Loewner and the chordal equation introduced in 2000 by O. Schramm. In particular, we prove that evolution families in the unit disc are in one to one correspondence with solutions to this new type of Loewner equations. Also, we give a Berkson-Porta type formula for non-autonomous weak holomorphic vector fields which generate such Loewner di¤erential equations and study in detail geometric and dynamical properties of evolution families.
Introduction
In 1923, Loewner [17] developed a machinery to ''embed'' a slit domain of the complex plane into a family of domains endowed with a certain order. The key idea was to represent such domains by means of a family (nowadays known as a Loewner chain) of univalent functions defined on the unit disc and satisfying a suitable di¤erential equation. Such a machinery was then studied and extended to other types of simply connected domains by Kufarev in 1943 and Pommerenke in 1965 (see, e.g., [11] , [20] , and [24] ).
Since the original paper of Loewner, this method has shown to be extremely useful when dealing with many di¤erent problems, especially those having some character of extremality. In fact, in 1984 de Branges used (extensions of) Loewner's theory to solve the Bieberbach conjecture.
The classical radial Loewner equation in the unit disc D :¼ fz A C : jzj < 1g is the following non-autonomous di¤erential equation: _ w w ¼ Gðw; tÞ for almost every t A ½s; yÞ; wðsÞ ¼ z;
where s A ½0; þyÞ, Gðw; tÞ ¼ Àwpðw; tÞ with the function p : D Â ½0; þyÞ ! C measurable in t, holomorphic in z, pð0; tÞ ¼ 1 for all t f 0 and Re pðz; tÞ f 0. In fact Loewner himself studied the case when pðz; tÞ ¼ 1 þ kðtÞz 1 À kðtÞz for some continuous function k : ½0; þyÞ ! qD.
Write t 7 ! j s; t ðzÞ for the solution of such a di¤erential equation. Then for 0 e s e t < þy the maps j s; t are holomorphic self maps of D which verify the following properties:
(1) j s; s ¼ id D .
(2) j s; t ¼ j u; t j s; u for all 0 e s e u e t < þy.
(3) j s; t ð0Þ ¼ 0 and j 0 s; t ð0Þ ¼ e sÀt for all 0 e s e u e t < þy.
This family ðj s; t Þ is an example of a more general object we introduce in this paper and that we call an evolution family of the unit disc (see Definition 3.1).
The hypotheses Gð0; tÞ 1 0 and pð0; tÞ 1 1, which forces the evolution family ðj s; t Þ to fix the origin and to have normalized first derivatives at 0, are strongly used in the construction of the family itself (mainly in proving semicompleteness and holomorphicity) because they allow to use distortion theorems.
Until the end of the XX century, there were only few papers where equation (1.1) was studied assuming Gðt; tÞ 1 0 for some t A qD. We cite the pioneering works of Goryainov [12] and Goryainov and Ba [13] . After that, Schramm [25] and Lawler, Schramm and Werner [15] , [16] proved the Mandelbroit conjecture using a stochastic version of this chordal Loewner equation. Also Bauer [2] , Marshall and Rohde [18] and Prokhorov and Vasiliev [23] studied a similar chordal Loewner equation. In such a case, Gðw; tÞ ¼ ð1 À wÞ 2 pðw; tÞ where pðw; tÞ ¼ 1 gðwÞ þ ihðtÞ with gðwÞ ¼ 1 þ w 1 À w and h : ½0; þyÞ ! R continuous. Solutions to such an equation correspond to evolution families ðj s; t Þ with boundary fixed points and are usually stated in the half plane model.
In this paper we study general evolution families of the unit disc. Our method allows to treat at the same time evolution families with inner fixed points and with no interior fixed points. In particular, we can solve (1.1) in case of boundary fixed points without assuming any particular form of Gðz; tÞ. More in detail, our aim is to completely characterize evolution families by means of a di¤erential equation of type (1.1). The key observation on which our work is based, is that in all the previous studied cases, the function w 7 ! Gðw; tÞ is a semicomplete vector field for all fixed t f 0. And in fact we prove that all evolution families of the unit disc are in one-to-one correspondence with weak holomorphic vector fields which are infinitesimal generators for almost every time (see Section 2 for definitions).
More precisely, we call Herglotz vector field of order d f 1 a function G : D Â ½0; þyÞ ! C which is a weak holomorphic vector field of order d f 1 (in the sense of Carathéodory's theory, see Definition 4.1) and for almost every t f 0 has the property that z 7 ! Gðz; tÞ is an infinitesimal generator. Also, an evolution family of the unit disc is said to be of order d f 1 if jj s; u ðzÞ À j s; t ðzÞj is locally bounded by a non-negative function whose derivative is in L d (see Definition 3.1).
Our main result is the following: Conversely, for any Herglotz vector field Gðz; tÞ of order d f 1 in the unit disc there exists a unique evolution family ðj s; t Þ of order d such that (1.2) is satisfied.
Here essentially unique means that if Hðz; tÞ is another Herglotz vector field which satisfies (1.2) then GðÁ; tÞ ¼ HðÁ; tÞ for almost every t A ½0; þyÞ.
Infinitesimal generators have been characterized in several di¤erent ways. In particular, in the proof of the above theorem we use a result of [6] , from which it follows that ðdr D Þ ðz; wÞ À Gðz; tÞ; Gðw; tÞ Á e 0 for all t f 0 and z 3 w, where r D is the hyperbolic distance on D. This estimate allows us to avoid considering displacement of fixed points in order to obtain suitable bounds. In fact, a version of Theorem 1.1 holds more generally on complex complete hyperbolic manifolds (see [5] ).
The Berkson-Porta representation formula for infinitesimal generators implies that for a.e. fixed t f 0 Gðz; tÞ ¼ À z À tðtÞ ÁÀ tðtÞz À 1 Á pðz; tÞ; ð1:3Þ with pðÁ; tÞ : D ! C holomorphic such that Re pðÁ; tÞ f 0. What is remarkable, and nontrivial, is that such a representation is essentially unique and the function pðz; tÞ, which we call a Herglotz function of order d f 1 (see Definition 4.5) , is locally in L d in t f 0 and ½0; þyÞ C t 7 ! tðtÞ is measurable; and conversely, any vector field of the form (1.3) is a Herglotz vector field (see Theorem 4.8 for a precise statement).
There is thus an (essentially) one-to-one correspondence among evolution families ðj s; t Þ of order d f 1, Herglotz vector fields Gðz; tÞ of order d f 1, and couples ðp; tÞ of Herglotz functions pðz; tÞ of order d and measurable functions t : ½0; þyÞ ! D. In what follows we say that the couple ðp; tÞ is the Berkson-Porta data for ðj s; t Þ.
Going back to Loewner equations, the previous two theorems can be combined saying that the following di¤erential equation has a family of solutions ðj s; t Þ which form an evolution family of order d f 1 provided pðw; tÞ is a Herglotz function of order d f 1 and t : ½0; þyÞ ! D is a measurable function.
We point out that equation (1.4) contains all the Loewner type equations studied so far in the literature, where in fact only Herglotz functions of order y and t 1 const are considered. In case t 1 const, evolution families of order d f 1 can be defined by means of weaker conditions, such as properties of regularity of first derivatives (see Theorem 7.3).
The plan of the paper is the following. In Section 2, we collect some preliminary results from iteration theory and semigroups theory. In Section 3, we deal with evolution families, proving some results about continuity in the two parameters. In Section 4, we introduce Herglotz vector fields and prove that they are semicomplete (Theorem 4.4). Then we relate Herglotz vector fields with Herglotz functions (Theorem 4.8). In Section 5, we prove Theorem 5.2 which shows that solutions of a Herglotz vector field form an evolution family (proving thus one part of Theorem 1.1). In Section 6, we prove the other part of Theorem 1.1 (see Theorem 6.2). With such a result at hand, moving from evolution families to Herglotz vector fields and Herglotz functions, we can prove some more regularity properties of evolution families with respect to the two parameters (Theorems 6.4 and 6.6). In particular, we show that qj qs ðz; s; tÞ ¼ ÀGðz; sÞj 0 s; t ðzÞ:
In Corollary 6.3, we show that all the elements of an evolution family must be univalent and, in Corollary 6.5, that Herglotz vector fields are (almost everywhere) characterized by their trajectories proving the essential uniqueness of the previous Theorem 1.1. In the last two sections of the paper we get back to radial and chordal Loewner equations.
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Preliminaries
If f has no fixed points in D, the Denjoy-Wol¤ theorem (see, e.g. [1] ) guarantees the existence of a unique boundary fixed point t A qD such that the sequence of iterates f f n g converges to t uniformly on compacta. Such t is again called the Denjoy-Wol¤ point of f . If t A qD is the Denjoy-Wol¤ point of f , then f 0 ðtÞ A ð0; 1 (see [22] ).
A (one-parameter) semigroup of holomorphic functions is a continuous semigroupsmorphism F : R þ C t 7 ! FðtÞ ¼ f t A HolðD; DÞ between the semigroup of positive real numbers endowed with the Euclidean topology and the semigroup of holomorphic selfmaps of the unit disc endowed with the topology of uniform convergence on compacta.
Given a semigroup F ¼ ðf t Þ, it is well known (see [26] , [3] ) that there exists a unique holomorphic function G : D ! C, called the vector field associated with F or the infinitesimal generator of F, such that 
Moreover, if G is not identically zero, then such a representation is unique. In fact, the point t is the Denjoy-Wol¤ point of all the functions of the semigroup. We denote by GenðDÞ the set of all the infinitesimal generators of semigroups of holomorphic self-maps of the unit disc. It is well known that GenðDÞ is closed in HolðD; CÞ and a real convex cone in HolðD; CÞ with vertex at 0 (see, for example, [1] and [26] ). A useful example of infinitesimal generator is given by G ¼ j À id for j A HolðD; DÞ [26] , Corollary 3.3.1. The following two facts, related to the continuity of the so-called Heins map (see [14] and [4] ) might be known but, since we do not have a reference, we sketch here their proofs.
Proposition 2.1. Endow GenðDÞ and HolðD; CÞ with the compact-open topology, and let 0 denote the zero function, 0ðzÞ ¼ 0 for all z A D. For all F A GenðDÞ, using the BerksonPorta representation we write F ðzÞ ¼ ðz À t F Þðt F z À 1Þp F ðzÞ, z A D. Then the following two maps are continuous:
Proof. By the uniqueness of the Berkson-Porta representation, the maps BP t and BP p are well-defined. We only prove continuity of BP t , the other being similar. Let fF n g H GenðDÞnf0g converging to F A GenðDÞnf0g. Let ft n k :¼ BP t ðF n k Þg converge to some a A D. Since fw A C : Re w > 0g is hyperbolic, the family fp n :¼ BP p ðF n Þ : n A Ng is normal. Hence, up to subsequences, we can assume t n k ! a and p n k ! p for some p A HolðD; CÞ with Re p f 0. Therefore F ðzÞ ¼ ðz À aÞðaz À 1ÞpðzÞ, and by uniqueness of the Berkson-Porta representation, we conclude that a ¼ t as wanted. r Lemma 2.2. Let fG n g be a sequence in GenðDÞ such that there are two di¤erent points z 0 ; z 1 A D and two sequences fu n g and fv n g in D with lim n u n ¼ z 0 and lim n v n ¼ z 1 such that sup n jG n ðu n Þj < þy and sup n jG n ðv n Þj < þy. Then there exists a subsequence fG n k g converging to an infinitesimal generator G A GenðDÞ.
Proof. By Berkson-Porta's theorem, G n ðzÞ ¼ ðz À t n Þðt n z À 1Þp n ðzÞ with t n A D and Re p n f 0. Up to subsequences, we can assume t n ! t A D. The family fp n g is normal, hence we have only to prove that it is not compactly divergent. Arguing by contradiction, suppose fp n g compactly diverges to y. Since z 0 and z 1 are di¤erent, we may assume that t 3 z 0 . Then we have
which contradicts sup n jG n ðu n Þj < þy. r In what follows we will use this auxiliary lemma whose simple proof based on the Cauchy formula is omitted:
Lemma 2.4. Let f : D ! C be holomorphic. Then, for all 0 < r < 1 and jzj; jwj e r, j f ðzÞ À f ðwÞj e 4jz À wj supj f ðzÞj where the supremum is taken over jzj e ð1 þ rÞ=2.
3. Evolution families in the unit disc Definition 3.1. A family ðj s; t Þ 0eset<þy (also denoted jðz; s; tÞ) of holomorphic self-maps of the unit disc is an evolution family of order d with d A ½1; þy (in short, an L d -evolution family) if:
EF2. j s; t ¼ j u; t j s; u for all 0 e s e u e t < þy. Throughout the paper, we denote by r D ðz; wÞ the hyperbolic distance in the unit disc between two points z; w A D.
EF3. For all
Proposition 3.5. Let d f 1 and let ðj s; t Þ be an evolution family of order d in the unit disc. The map ðs; tÞ 7 ! j s; t A HolðD; CÞ is jointly continuous. Namely, given a compact set K H D and two sequences fs n g, ft n g in ½0; þyÞ, with 0 e s n e t n , s n ! s, and t n ! t, then lim n!y j s n ; t n ¼ j s; t uniformly on K.
Proof. Let fs n g, ft n g be two sequences in ½0; þyÞ with 0 e s n e t n , s n ! s and t n ! t. Since the set fj u; v : 0 e u e vg is bounded in HolðD; CÞ, by Vitali's theorem, it is enough to show that lim n!y j s n ; t n ðzÞ ¼ j s; t ðzÞ for all fixed z in the unit disc. Fix z A D. We may (and we do) assume that the sequences fs n g and ft n g are in one of the following three cases: Case I. s n e t n e s for all n. Case II. s e s n for all n. Case III. s n e s e t n for all n.
In Case I, we have that s ¼ t. Therefore, using EF3, we take the corresponding function k z; t A L d ð½0; T; RÞ and jj s n ; t n ðzÞ À j s; t ðzÞj ¼ jj s n ; t n ðzÞ À zj ¼ jj s n ; t n ðzÞ À j s n ; s n ðzÞj e Ð t n s n k z; t ðxÞ dx ! n 0;
where the last limit is zero because the measure of the interval ½s n ; t n tends to zero as n goes to y. and we are done. r Lemma 3.6. Let ðj s; t Þ be an evolution family of order d f 1 in the unit disc D. Then for each 0 < T < þy and 0 < r < 1, there exists R ¼ Rðr; TÞ < 1 such that jj s; t ðzÞj e R for all 0 e s e t e T and jzj e r.
Proof. Assume the result is false. Then there exist three sequences fz n g, fs n g, ft n g such that jz n j e r, z n ! z 0 , s n ; t n A ½0; T, s n e t n , s n ! s 0 , t n ! t 0 , and jj s n ; t n ðz n Þj ! 1. Since the map j s n ; t n is a contraction for the hyperbolic metric, we have that r D À j s n ; t n ðz n Þ; j s n ; t n ðz 0 Þ Á e r D ðz n ; z 0 Þ ! 0. Then jj s n ; t n ðz 0 Þj ! 1. Moreover
Again this implies that jj 0; t n ðz 0 Þj ! 1. But j 0; t n ðz 0 Þ ! j 0; t ðz 0 Þ A D by Proposition 2.1. A contradiction. r Proposition 3.7. Let ðj s; t Þ be an evolution family of order d f 1 in the unit disc D.
(1) For all z A D and for all s f 0, the map ½s; yÞ C t 7 ! j s; t ðzÞ A C is locally absolutely continuous, that is, for all T > s, the map ½s; T C t 7 ! j s; t ðzÞ A C is absolutely continuous. for all z; w A K and for almost every t A ½0; T.
Proof. Fix a compact set K H D and T > 0. Take 0 < r < 1 such that K H DðrÞ :¼ fz A C : jzj e rg. Let k Dððrþ1Þ=2Þ; T A L d ð½0; T; RÞ be the function given by WHVF3. Hence, using Lemma 2.4, for all z; w A K, jGðz; tÞ À Gðw; tÞj e 4jz À wj sup jzjeð1þrÞ=2 jGðz; tÞj e 4k Dððrþ1Þ=2Þ; T ðtÞjz À wj;
and we are done. r By the Carathéodory theory of ODEs (see, for example, [8] ), it follows from the above lemma that if G is a weak holomorphic vector field on D, then for any ðz; sÞ A D Â ½0; þyÞ, there exists a unique Iðz; sÞ > s and a function x : Â s; I ðz; sÞ Á ! D such that:
(1) x is locally absolutely continuous in Â s; I ðz; sÞ Á , that is, x is absolutely continuous in ½s; T for all s < T < I ðz; sÞ.
(2) x is the solution to the following problem: Such a map x is known as the positive trajectory of the vector field G at the pair ðz; sÞ. The number I ðz; sÞ is known as the escaping time for the couple ðz; sÞ. We say that the weak holomorphic vector field is semi-complete if I ðz; sÞ ¼ þy for all ðz; sÞ A D Â ½0; þyÞ. Definition 4.3. Let Gðz; tÞ be a weak holomorphic vector field of order d A ½1; þy on the unit disc D. We say that G is a (generalized ) Herglotz vector field (of order d ) if for almost every t A ½0; þyÞ it follows GðÁ; tÞ A GenðDÞ. Namely, for almost every fixed t A ½0; þyÞ it follows Gðz; tÞ ¼ À z À tðtÞ ÁÀ tðtÞz À 1 Á pðz; tÞ for some tðtÞ A D and holomorphic function pðÁ; tÞ : D ! C such that Re pðz; tÞ f 0.
In Theorem 4.8, we prove the non-trivial fact that the dependence of pðz; tÞ and tðtÞ on t is measurable and pðz; tÞ has some L d -type bound. But we first examine semicompleteness: In order to prove (4.1), we first show that for all z; w A D and 0 e s e t < minfI ðz; sÞ; Iðw; sÞg, Moreover, if f : From this inequality, we deduce that fx s; n g is a Cauchy sequence in the Banach space Cð½s; s þ dÞ of continuous complex functions from ½s; s þ d, endowed with the supremum norm. Therefore, it converges uniformly on ½s; s þ d to a function x A Cð½s; s þ dÞ. Since G À x s; nÀ1 ðtÞ; t Á e k K; I þ2 ðtÞ, the Lebesgue dominated converge theorem implies
Equation (4.1) follows immediately from (4.3), (4.4) and (4.5), and we are done. r
As we will see, Herglotz vector fields in the unit disc can be decomposed by means of Herglotz functions (this is the reason for the name). We begin by giving the following definition: (1) For all z A D, the function ½0; þyÞ C t 7 ! pðz; tÞ A C is measurable.
(2) There exists z 0 A D such that the function ½0; þyÞ C t 7 ! pðz 0 ; tÞ A C belongs to L d loc À ½0; þyÞ; C Á .
Proof. We have to prove that if p satisfies HF2, HF3 and (1) and (2), then it satisfies HF1. Let z A D. Fix t f 0. Since D C w 7 ! pðw; tÞ A C is holomorphic, by [20] , pages 39-40,
Now, since the function ½0; þyÞ C t 7 ! pðz 0 ; tÞ belongs to L d loc À ½0; þyÞ; C Á and ½0; þyÞ C t 7 ! pðz; tÞ is measurable, the above inequality implies that the function ½0; þyÞ C t 7 ! pðz; tÞ also be-
We are going to show that there is essentially a one-to-one correspondence between Herglotz vector fields and Berkson-Porta data. To this aim we need a lemma: Lemma 4.7. Let G : D Â ½0; þyÞ ! C be a function such that:
(1) For all t f 0 the map D C z 7 ! Gðz; tÞ is holomorphic.
(2) For all z A D the map ½0; þyÞ C t 7 ! Gðz; tÞ is measurable.
Then the map ½0; þyÞ C t 7 ! GðÁ; tÞ A HolðD; CÞ, from the set ½0; þyÞ endowed with the Lebesgue measure to the Fréchet space HolðD; CÞ, is measurable.
Proof. Since HolðD; CÞ is a metrizable and separable topological space, it is enough to show that, given f A HolðD; CÞ and e > 0, the set È t A ½0; þyÞ : d H À GðÁ; tÞ; f Á < e É is measurable; where here d H ðÁ ; ÁÞ denotes the Fréchet distance in HolðD; CÞ.
Fix t f 0. Since GðÁ; tÞ is holomorphic in D there exists a sequence fg n ðtÞg H C such that
The functions ½0; þyÞ C t 7 ! g n ðtÞ are measurable. Indeed, g 0 ðtÞ ¼ Gð0; tÞ is measurable by hypothesis (2) . By induction, assume that g k ðtÞ is measurable for k ¼ 0; . . . ; n. for all z A D and for all t A ½0; þyÞ, is a Herglotz vector field of order d on the unit disc.
Conversely, if G : D Â ½0; þyÞ ! C is a Herglotz vector field of order d A ½1; þyÞ on the unit disc, then there exists a measurable function t : ½0; þyÞ ! D and a Herglotz function p : D Â ½0; þyÞ ! C of order d such that Gðz; tÞ ¼ G t; p ðz; tÞ for almost every t A ½0; þyÞ and all z A D (here G t; p is given by (4.7) ).
Moreover, ift t : ½0; þyÞ ! D is another measurable function and p p : D Â ½0; þyÞ ! C is another Herglotz function of order d such that G ¼ Gt t;p p for almost every t A ½0; þyÞ then pðz; tÞ ¼p pðz; tÞ for almost every t A ½0; þyÞ and all z A D and tðtÞ ¼t tðtÞ for almost all t A ½0; þyÞ such that GðÁ; tÞ E 0.
Proof. Assume ðt; pÞ be given. By the Berkson- 
Since the function ½0; þyÞ C t 7 ! pð0; tÞ belongs to L d loc À ½0; þyÞ; C Á , writing
we conclude that G t; p satisfies WHVF3 and it is a weak holomorphic vector field of order d.
Conversely, let G be a Herglotz vector field. Hence, z 7 ! Gðz; sÞ belongs to GenðDÞ, for almost every s A ½0; þyÞ. Therefore, by the Berkson-Porta representation formula, we can find a s A D and p s A HolðD; CÞ with Re p s f 0 such that Gðz; sÞ ¼ ðz À a s Þða s z À 1Þp s ðzÞ; for all z A D and almost every s A ½0; þyÞ. By WHVF1 for each fixed z A D the function ½0; þyÞ C t 7 ! Gðz; tÞ is measurable. By Lemma 4.7, the map C : ½0; þyÞ C t 7 ! GðÁ; tÞ A HolðD; CÞ from the set ½0; þyÞ endowed with the Lebesgue measure to the Fréchet space HolðD; CÞ, is measurable.
Note that if GðÁ; sÞ 1 0 then necessarily p s ðÁÞ 1 0 and in such a case a s can take any value. We set a s ¼ 0 if GðÁ; sÞ 1 0. Let E :¼ fs A ½0; þyÞ : GðÁ; sÞ ¼ 0g that is, s A E if and only if GðÁ; sÞ 1 0. Note that since E ¼ C À1 ðf0gÞ, the set E is a measurable subset of ½0; þyÞ. Hence, a s ¼ 0 for s A E and a s ¼ BP t CðsÞ for s A ½0; þyÞnE. Since E is measurable, C is measurable, BP t is continuous by Proposition 2.1 and GenðDÞ is a closed subset of HolðD; CÞ, it follows that a s is a measurable mapping from ½0; þyÞ into D. and we are done.
Similarly, being
The statement about uniqueness follows at once from the uniqueness of the BerksonPorta representation formula. r
The representation of Herglotz vector fields by means of Herglotz functions given by Theorem 4.8 will turn out to be a very powerful tool, because it allows to use distortion theorems for Carathéodory's function, a tool which is not available in higher dimensions (see [5] ).
From Herglotz vector fields to evolution families
For the sake of clearness, we begin by recalling the well-known Gronwall's lemma as needed for our aims. 
&
Let j s; t ðzÞ :¼ f s; z ðtÞ for all 0 e s e t < þy and for all z A D. Then ðj s; t Þ is an evolution family in the unit disc of order d.
Proof. By Theorem 4.4, the Herglotz vector field G is a semi-complete weak holomorphic vector field on the unit disc. Therefore, the value f s; z ðtÞ is well-defined for all 0 e s e t < þy and for all z A D. Moreover, by uniqueness of solutions of ODEs, it follows that j s; t ¼ j u; t j s; u for all 0 e s e u e t < þy. Thus EF1, EF2 hold, and we are left to prove EF3 and the holomorphicity of j s; t .
We prove that j s; t : D ! D is holomorphic for all 0 e s e u e t < þy. First, we claim that for each 0 < T < þy and 0 < r < 1, there exists R ¼ Rðr; TÞ < 1 such that jj s; t ðzÞj e R; ð5:1Þ for all 0 e s e t e T and jzj e r.
Seeking for a contradiction, assume (5.1) is not true. Then there exists three sequences ðz n Þ, ðs n Þ, and ðt n Þ such that jz n j e r, z n ! z 0 , s n ; t n A ½0; T, s n e t n , s n ! s 0 , t n ! t 0 , and jj s n ; t n ðz n Þj ! 1. Since the map j s n ; t n is a contraction for the hyperbolic metric (see the proof of Theorem 4.4), we have that r D À j s n ; t n ðz n Þ; j s n ; t n ðz 0 Þ Á e r D ðz n ; z 0 Þ ! 0. Then jj s n ; t n ðz 0 Þj ! 1. The map t 7 ! j 0; t ðz 0 Þ is continuous (because f 0; z 0 is a positive trajectory of the semi-complete vector field G). Moreover,
Again this implies that jj 0; t n ðz 0 Þj ! 1. But j 0; t n ðz 0 Þ ! j 0; t ðz 0 Þ A D. A contradiction. Hence (5.1) holds.
Fix s < t and z A D. Let jzj < r < 1, T > t and let R ¼ Rðr; TÞ be given in (5.1). That is, j f h ðuÞj e exp Ð u sk k R; T ðxÞ dx . In a similar way, for all 0 e s e v e u e t, we have that proving that j s; u ðzÞ is holomorphic for all 0 e s e t < þy.
To end up the proof we need to check property EF3. Let 0 e s e u e t e T, z A D and let R ¼ RðT; jzjÞ be the number given by (5.1). Then
Note that this also implies that if G is of order d for some d A ½1; þy, then ðj s; t Þ is also of order d. r
From evolution families to Herglotz vector fields
In this section we prove the converse of Theorem 5.2. Part of the proof relies on the following result on measurable selections: Theorem 6.1 ( [7] , Theorem III.30, p. 80). Let ðW; S; mÞ be a positive s-finite complete measure space, ½X ; d a separable and complete metric space and G a multifunction from W to the subsets of X . Assume that:
(i) For every o A W, GðoÞ is a closed non-empty subset of X .
(ii) For every x A X and every r > 0, fo A W : GðoÞ X Bðx; rÞ 3 jg A S. (As usual, Bðx; rÞ denotes the open unit ball in X with center x and radius r.) Then G admits a measurable selector s : W ! X ; namely, for every o A W, we have sðoÞ A GðoÞ and the inverse image by s of any borelian in X belongs to S. Now we are going to prove the main result of this section: Theorem 6.2. Let ðj s; t Þ be an evolution family of order d in the unit disc. Then there exists a Herglotz vector field G which has positive trajectories ðj s; t Þ; namely, for any ðz; sÞ A D Â ½0; þyÞ, the positive trajectory of the vector field G with initial data ðz; sÞ is exactly ½s; þyÞ C t ! j s; t ðzÞ.
Proof. The proof of this theorem is rather long and has three main parts which will be exposed separately. In short: (a) construction of a candidate function G : D Â ½0; þyÞ ! C verifying that GðÁ; sÞ A GenðDÞ, for all s f 0; (b) checking that G is a weak holomorphic vector field; (c) verification of the assertion of the theorem.
Part (a). We are going to apply Theorem 6.1 to a suitably chosen G : ½0; þyÞ ! 2 HolðD; CÞ ;
where the set ½0; þyÞ is endowed with the Lebesgue measure and HolðD; CÞ has its natural structure of Fréchet space.
RÞ be the non-negative function given by EF3. We extend k to all of R by setting zero outside the interval ½0; T þ 1. Then for 0 e s e T and every n A N n j z; s; s þ 1 n À jðz; s; sÞ e n Ð & where g n; s :¼ nðj s; sþ1=n À idÞ A HolðD; CÞ and acðg n; s Þ denotes the accumulation points of the sequence fg n; s g n in the metric space HolðD; CÞ. The multifunction G is well-defined and, since HolðD; CÞ is a metric space, GðsÞ is a closed subset of HolðD; CÞ for every s f 0.
Next step is to prove that GðsÞ is non-empty for all s f 0. This is true by definition if s A M. Thus, fix s A ½0; þyÞnM. As recalled in Section 2, j s; sþ1=n À id belongs to GenðDÞ for all n A N. Moreover, GenðDÞ is a real cone in HolðD; CÞ, thus fg n; s g is a sequence in GenðDÞ. By the definition of M, max & sup n jg n; s ð0Þj; sup n jg n; s ð1=2Þj ' < þy. Hence, we can apply Lemma 2.2 and conclude that the sequence fg n; s g has accumulation points in HolðD; CÞ, so that GðsÞ is not empty. Thus G satisfies hypothesis (i) of Theorem 6.1.
In order to check condition (ii) in Theorem 6.1 for G, we fix f A HolðD; CÞ and r > 0. Since M has zero measure, we only have to prove that A f ; r ¼ fs A ½0; þyÞnM : bg A acðg n; s Þ with d H ð f ; gÞ < rg is Lebesgue measurable, where d H is the canonical Fréchet distance defining the topology of HolðD; CÞ. Bearing in mind Lemma 2.2 and the argument above, we see that
Hence, it is enough to prove that, for every k A N, every s f 0 and every r Ã > 0, the subset B k; f ; r Ã :¼ fs A ½0; þyÞnM : d H ð f ; g k; s Þ < r Ã g is Lebesgue measurable. Since the functions ½0; þyÞ C s 7 ! j s; sþ1=k A HolðD; CÞ are continuous (see Proposition 3.5), then ½0; þyÞ C s 7 ! P k ðsÞ :¼ g k; s A HolðD; CÞ is also continuous for every k A N. Therefore, the inverse image by P k of Bð f ; r Ã Þ (the open ball in HolðD; CÞ with center f and radius r Ã Þ is an open subset of ½0; þyÞ. Since B k; f ; r Ã ¼ P À1 k À Bð f ; r Ã Þ Á nM, the set B k; f ; r Ã is Lebesgue measurable.
Therefore, the multifunction G satisfies the hypotheses of Theorem 6.1. Thus there exists a measurable selector s : ½0; þyÞ ! HolðD; CÞ for G. We define G : D Â ½0; þyÞ ! C by Gðz; sÞ :¼ s½sðzÞ, for z A D and s f 0.
Hence, for every s A ½0; þyÞnM, there exists a strictly increasing sequence fn k ðsÞg of natural numbers such that, for all z A D, Gðz; sÞ :¼ lim
and the convergence is uniform on compacta of D. In particular, because GenðDÞ is a closed subset of HolðD; CÞ (see [1] , Consequence of Theorem 1.4.14, or [26] , p. 76), we see that z 7 ! Gðz; sÞ belongs to GenðDÞ, for every s A ½0; þyÞnM. Moreover, since z 7 ! Gðz; sÞ ¼ z, for every s A M, we deduce that z 7 ! Gðz; sÞ belongs to GenðDÞ, for every s A ½0; þyÞ.
Part (b). According to Definition 4.1, we have to check WHVF1, WHVF2 and WHVF3. Fixing z A D, we see that by definition, ½0; þyÞ C s 7 ! Gðz; sÞ A C is the composition of the measurable selector s and the continuous functional of HolðD; CÞ given by evaluation at z. Thus, WHVF1 holds. Also, WHVF2 holds trivially.
To prove property WHVF3, we argue as follows. Taking limit in k, by (6.2), we conclude that jGðz; sÞj e k z ðsÞ ð6:3Þ for almost every s A ½0; T. Now fix r A ð0; 1Þ and T > 0. By Part (a), we know that z 7 ! Gðz; sÞ belongs to GenðDÞ, for every s A ½0; þyÞ. By [26] , Section 3.5, there exist a s A C and q s A HolðD; CÞ with Re q s f 0 and Gðz; sÞ ¼ a s À a s z 2 À zq s ðzÞ, for z A D, s f 0. Since Gð0; sÞ ¼ a s , equation (6.3) provides a function k 0 A L d ð½0; T; RÞ such that ja s À a s z 2 j e 2k 0 ðtÞ, for s A ½0; T and jzj e r. Again by (6.3), we can find another function k 1=2 A L d ð½0; T; RÞ such that jGð1=2; sÞj e k 1=2 ðsÞ, for s A ½0; T. Therefore, for s A ½0; T, we have
; s e 3k 0 ðsÞ þ 2k 1=2 ðsÞ:
Since s 7 ! Gðz; sÞ is measurable for all fixed z A D, it follows that both maps s 7 ! a s and s 7 ! q s ð1=2Þ belong to L d ð½0; T; CÞ. Now, the distortion theorem for Carathéodory functions [20] , pages 39-40, shows that, when jzj e r and s A ½0; T, jGðz; sÞj e 2k 0 ðsÞ þ jq s ðzÞj e 2k 0 ðsÞ þ 1 þ jzj 1 À jzj jq s ð0Þj
showing WHVF3.
Part (c). We have to prove that, given ðz; sÞ A D Â ½0; þyÞ, the positive trajectory of the weak holomorphic vector field G with initial data ðz; sÞ is ½s; þyÞ C t ! jðz; s; tÞ. Recall that by Proposition 3.7,  
Let us fix z A D and s f 0. Let N 1 ðz; sÞ H ½s; þyÞ be a set of zero measure such that ½s; þyÞ C t ! jðz; s; tÞ is di¤erentiable for every t A ðs; þyÞnN 1 ðz; sÞ. Let M be the set of zero measure defined in Part (a and we are done. r
As a consequence of the previous results we have the following interesting fact2):
Corollary 6.3. Let ðj s; t Þ be an evolution family of order d f 1 in the unit disc. Then, every j s; t is univalent.
Proof. By Theorem 6.2 the elements of the evolution family ðj s; t Þ are trajectories of a weak holomorphic vector fields. By inequality (5.2) they are univalent in the unit disc. r Theorem 6.4. Let ðj s; t Þ be an evolution family of order d f 1 in the unit disc.
(1) For every s f 0, there exists a set MðsÞ H ½s; þyÞ (not depending on z) of zero measure such that, for every t A ðs; þyÞnMðsÞ, the function
is a well-defined holomorphic function on D and the limit is uniform on compacta.
2) With some work one can even prove this result directly, without using Theorem 6.2.
(2) Let G : D Â ½0; þyÞ ! C be a Herglotz vector field whose positive trajectories are ðj s; t Þ. Fix s f 0. Then there exists a set MðsÞ H ½s; þyÞ (not depending on z) of zero measure such that, for every t A ðs; þyÞnMðsÞ and every z A
; s . The set NðsÞ has zero measure and it is independent of z. We are going to show that lim h!0 À jðz; s; t þ hÞ À jðz; s; tÞ Á =h exists for all t A ðs; þyÞnNðsÞ uniformly on compacta of D.
First of all, we show that for every t A ðs; þyÞnNðsÞ, the family
is relatively compact in HolðD; CÞ. To this aim, there are two cases to be considered, namely, 0 < h < t À s and s À t < h < 0. The proofs being similar, we only consider the first case. Since h > 0 and by EF2, F s; t ¼ f f h j s; t : 0 < h < t À sg, where
tþh À idÞ A HolðD; CÞ. Since j s; t is holomorphic in D, and by Montel's theorem, we only need to check that F Ã s; t :¼ f f h : 0 < h < t À sg is a bounded subset of HolðD; CÞ. Assume this is not the case. Then there exists a sequence f f n g (with f n :¼ f h n ) in F Ã s; t and r A ð0; 1Þ such that lim n!y maxfj f n ðzÞj : jzj e rg ¼ þy: ð6:5Þ
Since the sequence fj t; tþh n À idg n belongs to H y ðDÞ, we may assume that lim n h n ¼ 0.
Moreover, letting z 1 :¼ jð1=2; s; tÞ and z 2 :¼ jð1=3; s; tÞ, then z 1 3 z 2 because j s; t is univalent (see Corollary 6.3). Hence, since h n > 0 and t B Nð1=2; sÞ,
Similarly, one can check the existence of lim n f n ðz 2 Þ. Now, note that F Ã s; t H GenðDÞ since h > 0. Therefore, we can apply Lemma 2.2 to the sequence f f n g and the two points z 0 , z 1 , contradicting (6.5).
Thus the family F s; t is relatively compact in HolðD; CÞ. Let c, f be two of its limits.
By the definition of
jðz; s; t þ hÞ À jðz; s; tÞ h exists, for all t A ðs; þyÞnNðsÞ uniformly on compacta of D, ending the proof of (1).
(2) Fix s f 0. By Part (1), there exists a set N 0 ðsÞ H ½s; þyÞ of zero measure (not depending on z) such that, for every t A ðs; þyÞnN 0 ðsÞ, the function D C z 7 ! qj qt ðz; s; tÞ is a well-defined holomorphic function on D. Let fz n g be any sequence converging to 0. Then for all n A N there exists a set of zero measure Nðz n ; sÞ such that qj qt ðz n ; s; tÞ ¼ G À jðz n ; s; tÞ; t Á ð6:6Þ for all t A ½s; þyÞnNðz n ; sÞ. Let NðsÞ ¼ N 0 ðsÞ W S n Nðz n ; sÞ. Then NðsÞ has measure zero and for all t A ½s; þyÞnNðsÞ equation (6.6) holds. By the identity principle for holomorphic maps, the two holomorphic functions qj qt ðÁ; s; tÞ and G À jðÁ; s; tÞ; t Á are then equal on D, proving (2). r Corollary 6.5. If G,G G are Herglotz vector fields with the same positive trajectories, then Gðz; tÞ ¼G Gðz; tÞ for almost every t A ½0; þyÞ and all z A D.
Proof. By Theorem 5.2 the positive trajectories of G andG G are evolution families of the unit disc. In particular they are univalent by Corollary 6.3. The claim follows then from (6.4). r
The next result studies the dependence of evolution families with respect to the ''s variable''. Theorem 6.6. Let ðj s; t Þ be an evolution family of order d f 1 in the unit disc.
(1) For every t > 0, there exists a set NðtÞ H ½0; t (not depending on z) of zero measure such that, for every s A ð0; tÞnNðtÞ, the function D C z 7 ! qj qs ðz; s; tÞ :¼ lim h!0 j sþh; t ðzÞ À j s; t ðzÞ h A C is a well-defined holomorphic function on D and the limit is uniform on compacta. Moreover, let fr n g H ð0; 1Þ be a sequence converging to 1. For R > 0, let DðRÞ ¼ fz A C : jzj < Rg. By Lemma 3.6, for all n A N there exists R n :¼ Rðr n ; tÞ A ð0; 1Þ such that A n :¼ fjðz; u; vÞ : jzj e r n ; 0 e u e v e t þ 1g H DðR n Þ.
Let G : D Â ½0; þyÞ ! C be a Herglotz vector field whose positive trajectories are ðj s; t Þ (see Theorem 6.2). Let k n :¼ k R n ; t A L d ð½0; t þ 1; RÞ be the non-negative function given by property WHVF3 in Definition 4.1. There exists a set N 2 ðn; tÞ H ½0; t of zero measure such that k n ðsÞ ¼ lim First of all we show that for every s A ð0; tÞnNðtÞ the family
is relatively compact in HolðD; CÞ. To this aim there are two cases to be considered, namely 0 < h < t À s and Às < h < 0. We only consider the first case, the proof of the second being similar.
Fix r A ð0; 1Þ. Let n A N be such that r n > r, and let r n A ð0; 1Þ be such that r n > R n . Set z h :¼ jðz; s; s þ hÞ. Then, for every jzj e r, the point z h A A n and
Setting C :¼ Cðr; tÞ ¼ r n ðr n À r n Þðr n À R n Þ > 0 and recalling the definition of A n , we have that there existsC C > 0 such that
where the last inequality follows from s B N 2 ðn; tÞ. Hence, supfjF h ðzÞj : jzj e r; 0 < h < t À sg < þy as wanted.
Now, arguing as in the last part of the proof of Part (1) and taking into account that the j 0; u 's are univalent, we get the result. r
Now we are going to show that the t s appearing in the Berkson-Porta type decomposition formula for Herglotz vector fields are related to Denjoy-Wol¤ points of the elements of the associated evolution families as in the classical Berkson-Porta formula for semigroups:
Theorem 6.7. Let ðj s; t Þ be an evolution family of order d f 1 in the unit disc, let Gðz; tÞ be the Herglotz vector field of order d f 1 which solves (1.2) and let Gðz; sÞ ¼ ðz À t s Þðt s z À 1Þpðz; sÞ be its Berkson-Porta type decomposition (1.3). Let Z :¼ fs A ½0; þyÞ : GðÁ; sÞ E 0g. Then for almost every s A Z there exists a decreasing sequence ft n ðsÞg converging to s such that j s; t n ðsÞ E id D and, denoting by tðs; nÞ the DenjoyWol¤ point of j s; t n ðsÞ , it holds t s ¼ lim n!y tðs; nÞ.
Proof. By (6.2) there exists a set of zero measure M H ½0; þyÞ, such that for every s A ð0; þyÞnM there exists a strictly increasing sequence of natural numbers fn k ðsÞg such that, defining f k ðz; sÞ :¼ n k ðsÞ À j À z; s; s þ 1=n k ðsÞ Á À z Á , it follows that Gðz; sÞ is the uniform limit on compacta of D of the sequence f f k ðz; sÞg. Note that by the classical Berkson-Porta formula, GðÁ; sÞ A GenðDÞ for s f 0 fixed and also f k ðÁ; sÞ A GenðDÞ for s f 0 fixed and all k f 0 (see Section 2).
Fix s A ZnM. Therefore there exists mðsÞ A N such that j À Á; s; s þ 1=n k ðsÞ Á E id D and f k ðÁ; sÞ E 0 for k f mðsÞ. We show that such a sequence fs þ 1=n k ðsÞg kfmðsÞ (which we relabel ft n ðsÞg) is the one we are looking for. Let tðs; kÞ be the Denjoy-Wol¤ point of j s; sþ1=n k ðsÞ . We claim that BP t À f k ðÁ; sÞ Á ¼ tðs; kÞ for all k. Once this is proved the result follows at once from Proposition 2.1.
In case tðs; kÞ A D then clearly f k À tðs; kÞ; s Á ¼ 0 and hence BP t À f k ðÁ; sÞ Á ¼ tðs; kÞ, as wanted. In case tðs; kÞ A qD, then J lim z!tðs; kÞ f k ðz; sÞ ¼ 0, so tðs; kÞ is a boundary critical point for the generator f k ðÁ; sÞ (see [9] for further details about critical points). Since tðs; kÞ A qD is the Denjoy-Wol¤ point of j s; sþ1=n k ðsÞ , it follows According to [9] , this implies that BP t À f k ðÁ; sÞ Á ¼ tðs; kÞ, as needed. r 7. Evolution families with a common fixed point Proof of Claim 1. Fix z and 0 e s < t < þy. Since the function x 7 ! pðz; xÞ is measurable and x 7 ! j s; x ðzÞ is continuous by Proposition 3.5, it follows that the function ½s; t C x 7 ! p À j s; x ðzÞ; x Á is measurable. Moreover, for all x, by [20] which holds for almost every t and every w A H.
Fix w and 0 e s < t < þy. Since the function x 7 ! Pðw; xÞ is measurable and x 7 ! f s; x ðzÞ is continuous by Proposition 3.5, the function ½s; t C x 7 ! P À f s; x ðzÞ; x Á is measurable. Moreover by the distortion theorem for Carathéodory functions (see [21] ), for each x A ½s; t, Proof. It follows at once from Claim 1 and Claim 2 in the proof of Theorem 7.1. r
Our next result shows that a nice behavior of the derivative at the common fixed point t allows us to replace the topological property EF3 in the definition of evolution family by a much weaker hypothesis. In order to understand the naturality of our hypothesis on the first derivative at the Denjoy-Wol¤ point, we remark that if ðj s; t Þ is an evolution family on the unit disc with common Denjoy-Wol¤ point t A D, then by univalence, j 0 0; t ðtÞ 3 0 for all t f 0. If t A qD then the same (as angular limit) is true by the classical Julia lemma (see, e.g., [1] ). Proof. By Theorem 7.1 and the definition of evolution family, (1) implies (2).
Conversely, assume (2). Again we have to split up the inner and boundary cases.
Firstly, suppose that t A D. Up to conjugation, we may assume t ¼ 0. Fix 0 < T < þy. Since mðtÞ 3 0 for all t, there exist two absolutely continuous functions a; b : ½0; þyÞ ! R such that mðtÞ ¼ e aðtÞþibðtÞ for all t and a 0 ; b 0 A L proving the result in this case.
Next, suppose that t A qD. Again by the chain rule for angular derivatives, j 0 s; t ðtÞ ¼ mðtÞ=mðsÞ for all 0 e s e t < þy and, since j 0 s; t ðtÞ A ð0; 1, it follows that 0 < mðtÞ e mðsÞ e 1 for all 0 e s e t. Without loss of generality we assume z 0 ¼ 0. Again, we move to the right half-plane by means of the Cayley transform T t given by T t ðzÞ ¼ t þ z t À z and we let ðf s; t Þ be the family of holomorphic self-maps of the right halfplane given by f s; t :¼ T t j s; t T À1 t for all 0 e s e t < þy. The Denjoy-Wol¤ point of f s; t is y with multiplier 1=j 0 s; t ðtÞ ¼ mðsÞ=mðtÞ. Thus the function Re f s; t ðwÞ À mðsÞ mðtÞ w ! f 0 for all w A H. Then, by [20] , pages 39-40, f s; t ðwÞ À mðsÞ mðtÞ w e jw þ 1j þ jw À 1j jw þ 1j À jw À 1j f s; t ð1Þ À mðsÞ mðtÞ :
Therefore, jw À f s; t ðwÞj e 1 À mðsÞ mðtÞ jwj þ jw þ 1j þ jw À 1j jw þ 1j À jw À 1j f s; t ð1Þ À mðsÞ mðtÞ :
Fix 0 < T < þy. By hypothesis and arguing as in the proofs of Proposition 3.5 and Lemma 3.6, there is a number R such that jj s; t ð0Þj e R for all 0 e s e t e T and then the set ff s; t ð1Þ : 0 e s e t e Tg is a compact subset of the right half-plane. Classically, evolution families that come out from Loewner type equations are those ðj s; t Þ with a common fixed point 0 and such that j 0 0; t ð0Þ ¼ e Àt (see, e.g., [17] , [19] , [20] , and [24] ). The above result shows that EF3 is not necessary in the classical case: it follows automatically from the normalization hypothesis on the first derivative at 0.
We end up this section with a technical result which better relates the ''classical evolution families'' in Loewner's theory with the definition introduced in this paper. Proposition 7.5. Let ðj s; t Þ be an evolution family on the unit disc. Then for all r < 1 and for all T < þy, the set of functions f½0; T C t 7 ! j 0; t ðzÞ A D : jzj e rg is uniformly absolutely continuous.
Conversely, assume ðj s; t Þ is a family of holomorphic self-maps of the unit disc which satisfies EF1 and EF2 and has a common Denjoy-Wol¤ point t A D. Assume, moreover, that j 0 0; t ðtÞ 3 0 for all t f 0. If for all r < 1 and for all T < þy the set of functions f½0; T C t 7 ! j 0; t ðzÞ A D : jzj e rg is uniformly absolutely continuous then ðj s; t Þ is an evolution family.
Proof. By Lemma 3.6, there exists R > 0 such that jj s; t ðzÞj e R for all 0 e s e t e T and jzj e r. Let Gðz; tÞ be the Herglotz vector field which solves (1.2), and let k R; T A L 1 ð½0; T; RÞ be the function given by WHVF3. Then 
